Pre-neutron fragment-yield distributions are calculated for the 235 U(n, f ) and 239 Pu(n, f ) reactions using a time-dependent fully microscopic approach. These yields are calculated as a function of incident neutron energy from thermal to 5 MeV. We show that our calculations are in good agreement with experimental results, and competitive in accuracy with more phenomenological approaches. Further improvements to future calculations of these yields are discussed.
Introduction
Microscopic methods, where the nucleus is described starting from protons, neutrons, and an effective interaction between them, have been used to calculate a plethora of nuclear properties (see, e.g., [1, 2, 3] and references therein). Nuclear fission in particular, has been studied using microscopic approaches since the 1980's (e.g., [4, 6, 7, 5, 8] ). For the present work, we have adopted the Bohr approximation to the Time-Dependent Generator Coordinate Method (TDGCM), successfully used by Berger et al. [4] and Goutte et al. [6] to calculate fission as the propagation of a collective wave packet built on microscopic nuclear states and representing the fissioning nucleus as it moves toward scission. These earlier calculations were used to examine properties such as the fission time scale, and the mass distribution of fission fragments. Other, semi-classical, approaches have been used to calculate fission-fragment properties. We note in particular the full Langevin calculations of the Omsk group [9, 10, 11] , and more recently the Brownian-motion approach of Randrup et al. [12, 13] . We have preferred to adopt the microscopic approach for the present work because, although it is far more technically and conceptually challenging, this approach incorporates the tenets of quantum mechanics from the start, such as the non-locality of the nuclear wave function and exchange terms in the Hamiltonian of the system. These quantum-mechanical aspects of fission become particularly important near scission, as one parent nucleus divides into two fragments, each a nucleus in its own right.
Using the TDGCM, we have calculated the fragment mass distributions, before prompt neutron emission, for the 235 U(n, f ) and 239 Pu(n, f ) reactions, and for incident neutron energies E n ranging from thermal to 5 MeV. The same D1S finite-range interaction [14, 15] has been used for both reactions and for all incident neutron energies. Previous work [6] has shown the importance of both the time-dependent and quantum-mechanical aspects of the theory to correctly reproduce the width of observed mass distributions through the spreading of the collective wave packet. In more phenomenological approaches (e.g., [16] ) the effect of this quantum spreading is sometimes mimicked by coupling a quantum harmonic oscillator to a heat bath at finite temperature. In contrast, the spreading in = microscopic calculations is caused by the coupling between the collective degrees of freedom of the system. Thus, the choice of the collective degrees of freedom of the fissioning nucleus plays a crucial role in the calculation of the mass distributions. Until now, microscopic calculations of fission have systematically used the multipole moments of the nucleus as collective coordinates (usually the quadrupole moment Q 20 to describe its elongation, and the octupole moment Q 30 to describe the mass asymmetry between heavy and light fragments).
After an extensive analysis of TDGCM calculations of fragment distributions using the Q 20 and Q 30 coordinates, we were led to the conclusion that these coordinates, although very useful in describing the qualitative features of fission observables (see, e.g., [6, 17] ), are not ideal near, at, or beyond scission. We discovered that, no matter what reasonable prescription we used to relate the Q 20 and Q 30 coordinates to a fragment mass number, some fragment masses were severely under-represented in the yield distribution. In particular, for 239 Pu(n, f ), fissions corresponding to a heavy fragment in the range A = 135 − 142 (near the peak of the yield distribution) were very difficult to populate. As a result, the experimental mass distributions for thermal fission could only be reproduced to within a factor of two, even near the peak of those yields. It became clear that collective coordinates better suited to the description of the nucleus near scission were needed in order to reproduce the experimental mass distributions.
Instead of quadrupole and octupole moments of the nucleus, we have therefore adopted as collective coordinates the separation distance (d) between the two fragments and the relative difference (ξ) between their mass numbers. We have already alluded to the importance of collective coordinates describing the fragments themselves when extracting their properties, such as their excitation and kinetic energies [18] , but to our knowledge this represents the first calculations of fission-fragment distributions in these new coordinates. In addition, we account for the smearing effect of particle number fluctuations on the fragment yields. In this report, we will show that these new improved calculations produce fragment yields that are generally within ∼ 30% of experimental measurements, which is comparable to more phenomenological approaches. We will also propose improvements that could further reduce the discrepancy between theory and experiment.
After a brief presentation of the formalism in section 2, the fission fragment distributions obtained for the 235 U(n, f ) and 239 Pu(n, f ) reactions are presented in section 3. We conclude with recommendations to improve these calculations in the future. The main results of this report can be found in Figs. 3 and 4.
Theory

Overview
The microscopic calculation can be broken down into several sequential steps. We summarize these steps below before discussing them in more detail: 5. For a given incident neutron energy E n an appropriate initial wave packet is constructed from the quasi stationary states.
6. A time-dependent collective Schrödinger equation, formed using the potential surface and inertia tensor obtained in steps 1 and 2, is solved numerically to evolve the initial wave packet to scission 7. The wave function flux is integrated over time along a line of (d, ξ) configurations just before scission to produce the mass distribution of the fragments.
Choice of collective coordinates
For a nuclear configuration described in cylindrical coordinates by the density ρ (r, ϕ, z), and with the z axis taken along the symmetry axis of the nucleus, we can define the number of particles to the left and right of a neck position z N by
with A L + A R = A tot , the total number of nucleons in the fissioning nucleus. We also define the number of particles in the neck by [5, 19] 
N with a N = 1 fm. In practice the neck position z N is chosen at the point between the fragments where Q N is a minimum. The collective coordinate ξ is now defined as the difference between the mass numbers of the fragments, normalized by the total number of particles in the fissioning nucleus,
with this definition we always have −1 ≤ ξ ≤ 1 with ξ < 0 simply giving the mirror image of the corresponding ξ > 0 solution. The ξ = 0 case describes symmetric fission. Next we calculate the center of mass of each fragment
and define the collective coordinate d as the distance between those centroids
Roughly speaking, the coordinate d replaces Q 20 and ξ replaces Q 30 in fission calculations, but these sets of coordinates are not equivalent. As we will see in section 3, the potential surface V (d, ξ) has both similarities with and significant differences from the more traditional V (Q 20 , Q 30 ) surface.
The collective Hamiltonian
The collective Hamiltonian is discussed in [6] . For the (d, ξ) coordinates used in the present work, the collective Hamiltonian takes the form
where the B xy (d, ξ) are elements of the 2 × 2 inertia tensor B (d, ξ). The calculation of the B xy (d, ξ) from the HFB solutions, is performed using the same formalism as for the B ij (Q 20 , Q 30 ) in [6] . In short, the inertia tensor B is the inverse of the mass tensor M,
The TDGCM calculations in the present work do not include zero-point energy corrections. The moments themselves are calculated from the HFB solutions |Φ (d, ξ) and the two quasiparticle states |µν built on those HFB states,
with E µ + E ν the energy of the two-quasiparticle state. The operatorsx andŷ stand in for the operators corresponding to the d and ξ coordinates.
As a cross-check of the inertia tensor calculations, we note that for very large separation distance between the fragments, the kinetic energy of the system is governed by the constant reduced mass µ of the system
with m the nucleon mass and where the momentum in the d coordinate is given by 
The initial state
In order to calculate the quasi-stationary states used to construct the initial wave packet, the potential energy surface V (d, ξ) was modified at the second saddle to create a potential well V 0 (d, ξ) with high walls. Fig. 1 shows a cut of the modified potential surface for symmetric fission. The same inertia tensor described in section 2.3 is used to calculate the quasi-stationary states by solving the time-independent collective Schrödinger equation
with For a given incident neutron energy E n we first need to calculate the excitation energy E x of the fissioning system. This excitation energy is given by
where E A is the height of the first saddle, S n is the separation energy of the neutron in the compound nucleus, and ∆ZPE is the difference in zero-point energy (ZPE) between the first well and the first saddle. In practice, we find that the ZPE is essentially the same in the first well and at the first saddle, and therefore ∆ZPE ≈ 0. The barrier heights E A can be found in [20] For each E n , a collective wave packet was constructed as the superposition of quasi-stationary states within 500 keV of the corresponding E x . Thus, between 8 and 15 equally-weighted states were used for the different energies and the two (n, f ) reactions considered here.
Calculation of the pre-neutron fragment distributions
The time dependent collective Schrödinger equation
is solved numerically with the initial condition given by the quasi-stationary states (Eq. (1)),
The corresponding probability current J is defined at every point (d, ξ) by the continuity equation
For each value of ξ, we can identify a distance d s such that the nucleus is scissioned for d > d s but not for d ≤ d s . The resulting "fission line" defined by
separates the (d, ξ) into inner and outer regions for the time-dependent calculation. The fragment mass distribution before neutron emission is obtained by integrating the flux over time along the fission line
wheren is a unit normal vector and ds is the length of the infinitesimal segment through which the flux is calculated. In the present work,n was taken in the direction of the current J, which maximizes the flux, and ds was assumed to have the same value for each fragment mass A. The yield Y (A) was normalized according to standard convention so that
Finally, we must account for fluctuations in particle number of the fragments due to both pairing effects, and the finite number of particles Q N in the neck 7 region for points along the fission line. We find typically 2 Q N 5 along the fission line, and have therefore adopted an average value of 3.5 for the fluctuation in the number of particles A in each fragment. This fluctuation leads to a smoothing of the yield which we calculate as
with σ = 3.5.
Discussion
The potential energy surface for 240 Pu obtained by HFB calculations is plotted as a function of both (Q 20 , Q 30 ) and (d, ξ) collective coordinates in Fig. 2 . The energy surfaces in both coordinate systems display common features, such as two saddles and two minima in the low Q 20 or d region, as expected. However, the potential V (d, ξ) is much flatter as a function of ξ starting at the second well and for higher d compared to V (Q 20 , Q 30 ) as a function of Q 30 . This "flatness" of the potential is in part responsible for a more slowly falling yield in the wings of the distribution compared to the earlier calculations in [6] .
In Figs. 3 and 4 we show the calculated pre-neutron fragment distributions as a function of fragment mass and for different incident neutron energies, obtained for the reactions 235 U (n, f ) and 239 Pu (n, f ) respectively. For the 235 U (n, f ) reaction, pre-neutron yields have been extracted from experimental data by Straede et al. [21] , and we compare our calculations directly to those values in Fig. 3 . About 2/3 of the calculated fragment yields lie within 30% of the experimental values, with the most significant discrepancies occurring near peak for thermal fission (E n = 0.0 MeV) and near symmetric fission (A = 118) for E n ≥ 2 MeV.
The results in Fig. 4 for the 239 Pu (n, f ) reaction can only be compared to pre-neutron yields extracted from measurements at thermal neutron energies [22] . In that case, the agreement with experiment is better than for the 235 U (n, f ) results. About 3/4 of the calculated thermal yields agree with the experimental values to within 30%. There are no experimental data sets available at higher incident neutron energies, and we compare our calculations instead to the phenomenological general fission model (GEF) of Schmidt et al. [16] . As in the 235 U (n, f ) case, our 239 Pu (n, f ) yield calculations underestimate the symmetric channel production with increasing E n . In addition, the microscopic predictions and GEF results differ in the wings of the distributions for E n ≥ 1 MeV.
The results shown in Figs. 3 and 4 represent the best predictions of preneutron mass yields that can be achieved with microscopic theories today. Furthermore, they are comparable (if not better) than some of the phenomenological models that have been fitted to the available data: for example, the GEF model reproduces the experimental Straede et al. data for 235 U (n, f ) to within 30% in about 45% of the cases shown in Fig. 3 , and in about 57% of the thermalfission yields for 239 Pu (n, f ). It is worth mentioning that phenomenological approaches in general, because they contain parameters adjusted to the very types of data they are trying to reproduce, should be inherently more flexible than microscopic theories. Nevertheless, the microscopic calculations presented here could be improved to reduce the 30% agreement with data we are currently able to achieve.
The most important improvement to the calculation concerns the finite-range effective interaction that is the only phenomenological input to the theory. It is well-known [4] that the height of the second saddle depends sensitively on the surface coefficient of the interaction. This parameter is not well-constrained experimentally, and it should be possible to lower the barrier for symmetric fission sufficiently to significantly improve the predicted yields near symmetric fission in Figs. 3 and 4 . Furthermore, the asymmetry coefficient of the interaction can also be legitimately adjusted, and could improve the yields for those fragments far from stability. Since the fragments furthest from stability tend to be those near symmetric and very asymmetric fission, this could improve the calculated yield curves near the center and in the wings.
Finally, the TDGCM calculations performed in the present work assume that the potential surface and inertia tensor do not vary with increasing incident neutron energy. The extent to which this assumption is valid is currently being studied at LLNL and elsewhere using collective-intrinsic coupling formalisms [23] and temperature-dependent HFB calculations. These energy-dependent calculations are not expected to drastically alter the results given the relatively low neutron energies considered here (E n ≤ 5MeV), but the effects on the yields as a function of E n should nevertheless be explored.
Conclusion
We have presented microscopic time-dependent calculations of the pre-neutron fragment yields for the 235 U (n, f ) and 239 Pu (n, f ) reactions, as a function of incident neutron energies up to E n = 5 MeV. Wherever experimental data are available, we find a ∼ 30% agreement between theory and data for most of the yields we calculate. The present results represent a significant improvement over earlier microscopic calculations which typically differed from experimental values by a factor of two or more. The improvement over those earlier results was achieved primarily by using collective coordinates and corresponding operators more appropriate to the description of the nucleus near scission, than what is commonly used in the literature. Instead of the standard quadrupole and octupole moments of the nucleus, we used the mass difference between fragments and the separation between their centers of mass as collective coordinates.
In the future, the current 30% discrepancy between theory and data could be further reduced by adjusting the surface and asymmetry coefficients of the effective interaction used in the microscopic calculation. These adjustments could probably increase the calculated yields for symmetric and very asymmetric fission and therefore, by normalization of the overall yield distribution, reduce the yields near peak as well thereby bringing the yield curves in better agreement with experiment.
